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In Game Theory, the concept of determinancy is associated with finding the 
optimal strategy. For infinite game, the determinancy is more difficult to conclude 
than for finite games. Topological game is an infinite game of perfect information by 
picking a topological object. Past studies had shown that some topology properties 
also have its counterpart in topological game. We chose to continue the study of 
Gale-Stewart game defined by Gale and Stewart (1953).  We construct a new game 
called ‘Picking Game’.  Moreover, we also combobulated the similarity relation. Our 
goal is to fabricated theorems associated with similarity relation.

1. Introduction

Game 𝛤 is a collection of objects (𝑥0, 𝑋𝐼 , 𝑋𝐼𝐼 , 𝑋, 𝑓, 𝑆, 𝛷 ) such that 
 - 𝑥0 ∈ 𝑋
 - 𝑋𝐼 ∩ 𝑋𝐼𝐼 =  ∅ and 𝑋𝐼 ∪ 𝑋𝐼𝐼 = 𝑋
 -𝑓: 𝑋/ 𝑥0  → 𝑋 is an immediate predecessor such that for any 𝑥 ∈ 𝑋, there 
exists an integer 𝑛 ≥ 0 such that 𝑓𝑛 𝑥 =  𝑥0.
Win-Lose Game 𝛤 is a collection (𝑥0, 𝑋𝐼 , 𝑋𝐼𝐼 , 𝑋, 𝑓, 𝑆, 𝑆𝐼 , 𝑆𝐼𝐼) such that 𝛤 is a game 
and 
𝑆𝐼 ∩ 𝑆𝐼𝐼 =  ∅ and 𝑆𝐼 ∪ 𝑆𝐼𝐼 = 𝑆. Note that a play in 𝑆𝐼  is a win for player 𝐼.

Let 𝛤 = (𝑥0, 𝑋𝐼 , 𝑋𝐼𝐼 , 𝑋, 𝑓, 𝑆, 𝑆𝐼 , 𝑆𝐼𝐼) and 𝛤′ = 𝑥′
0, 𝑋′

𝐼 , 𝑋′
𝐼𝐼 , 𝑋′, 𝑓′, 𝑆′, 𝑆𝐼

′, 𝑆𝐼𝐼
′ . 

Intersection:  𝛤 ∩ 𝛤′ = (𝑥0, 𝑋𝐼 , 𝑋𝐼𝐼 , 𝑋, 𝑓, 𝑆, 𝑆𝐼 ∩ 𝑆′
𝐼 , 𝑆 − (𝑆𝐼 ∩ 𝑆𝐼

′)) 
Union:  𝛤 ∪ 𝛤′ = (𝑥0, 𝑋𝐼 , 𝑋𝐼𝐼 , 𝑋, 𝑓, 𝑆, 𝑆𝐼 ∪ 𝑆′

𝐼 , 𝑆 − (𝑆𝐼 ∪ 𝑆𝐼
′))

Negative: −𝛤 = (𝑥0, 𝑋𝐼 , 𝑋𝐼𝐼 , 𝑋, 𝑓, 𝑆, 𝑆𝐼𝐼 , 𝑆𝐼).

Strategies: The set 𝛴𝐼(𝛤) of strategies of player 𝐼 consists of all functions 
𝜎: 𝑋𝐼 → 𝑋/ 𝑥0  such that 𝜎(𝑥) ∈ 𝑓−1(𝑥). The set 𝛴𝐼𝐼(𝛤) of strategies of player 𝐼𝐼 
consists of all functions 𝜏: 𝑋𝐼𝐼 → 𝑋/ 𝑥0  such that 𝜏(𝑥) ∈ 𝑓−1(𝑥).
Winning Strategies: The set 𝛴𝐼

𝑊(𝛤) of winning strategies for player 𝐼 consists of 
all 𝜎𝑖 ∈ 𝛴𝐼(𝛤) such that any 𝜏 ∈ 𝛴𝐼𝐼(𝛤) implies < 𝜎𝑖, 𝜏 >∈ 𝑆𝐼. The set 𝛴𝐼𝐼

𝑊(𝛤) of 
winning strategies for player 𝐼𝐼 consists for all 𝜏𝑖 ∈ 𝛴𝐼𝐼(𝛤) such that any 𝜎 ∈
𝛴𝐼(𝛤) implies < 𝜎, 𝜏𝑖 >∈ 𝑆𝐼.

Subgame: 𝛤′ is a subgame of 𝛤 if
 - 𝑥0

′ = 𝑥0

 - 𝑋𝐼
′ ⊂ 𝑋𝐼  and 𝑋𝐼𝐼

′ ⊂ 𝑋𝐼𝐼

 - 𝑓′ = 𝑓|𝑋′
 - 𝑆𝐼

′ = 𝑆𝐼 ∩ 𝑆′ and 𝑆𝐼𝐼
′ = 𝑆𝐼𝐼 ∩ 𝑆′

Theorem 2.1 If 𝛤′is a subgame of 𝛤, then 𝑆′ is closed, non-empty subset of 𝑆.
A win-lose game 𝛤 is strictly determined if 𝛴𝐼

𝑊(𝛤) ≠ ∅ or 𝛴𝐼𝐼
𝑊(𝛤) ≠ ∅.

A win-lose game 𝛤 is absolutely determined if all subgames of 𝛤 𝑎𝑛𝑑 𝛤′ are 
strictly determined.
Theorem 2.2 If 𝛤 = (𝑥0, 𝑋𝐼 , 𝑋𝐼𝐼 , 𝑋, 𝑓, 𝑆, 𝑆𝐼 , 𝑆𝐼𝐼) and 𝑆𝐼  belongs to the Boolean 
algebra generated by the open sets, then 𝛤 is absolutely determined.
Function on Set: Let 𝐴 be a set and 𝑓 be a function on 𝐴. Thus, 𝑓 𝐴 = {𝑓(𝑥)|𝑥 ∈
𝐴}.
Function on Sequence: Let 𝑠 = < 𝑠1, 𝑠2, … , 𝑠𝑛 > be a sequence and 𝑠𝑛 ∈ 𝐴 for 
all 𝑛 ≤ 𝑁. Let 𝑓 be a function on 𝐴. Thus, 𝑓 𝑆 = < 𝑓(𝑠1), 𝑓(𝑠2), … , 𝑓(𝑠𝑛) >.

2. Preliminaries

Definition 4.1. 𝛤 = (𝑥0, 𝑋𝐼 , 𝑋𝐼𝐼 , 𝑋, 𝑓, 𝑆, 𝑆𝐼 , 𝑆𝐼𝐼) is similar (≅) to 𝛤′ =
(𝑥′

0, 𝑋′
𝐼 , 𝑋′

𝐼𝐼 , 𝑋′, 𝑓′, 𝑆′, 𝑆′𝐼 , 𝑆′𝐼𝐼) when
 -There exists a bijective function 𝑔: 𝑋 → 𝑋′ called mapping.
 -𝑔 𝑥0 = 𝑥′0, 𝑔 𝑋𝐼 = 𝑋′𝐼 , and 𝑔 𝑋𝐼𝐼 = 𝑋′𝐼𝐼 .
 -For all 𝑠 ∈ 𝑆, 𝛷 𝑠 =  𝛷′(𝑔(𝑠)).
 -For all 𝑥 ∈ 𝑋/{𝑥0}, 𝑓′ 𝑔 𝑥 = 𝑔(𝑓 𝑥 ).
Theorem 4.2.  ≅ is reflextive, transitive, and symmetric.
Lemma 4.3. If 𝛤 ≅ 𝛤′, then for all 𝑥 ∈ 𝑋, 𝑔 𝑓−1 𝑥 = 𝑔 𝑦 𝑦 ∈ 𝑓−1 𝑥 =

𝑓′−1
(𝑔 𝑥 ).

Lemma 4.4. If 𝛤 ≅ 𝛤′, then for all 𝑠 ∈ 𝑆, there exists a unique 𝑠′ ∈ 𝑆′ such that 
𝑔 𝑠 = 𝑠′.
Theorem 4.5. Let 𝛤 be a win-lose game. If 𝛤 ≅ 𝛤′, then 𝑆𝐼 = |𝑆𝐼𝐼|.
Theorem 4.6. If 𝛤 ≅ 𝛤′ and 𝑔 is a mapping from 𝛤 to 𝛤′, then for all 𝜎 ∈ 𝛴𝐼(𝛤) and 
𝜏 ∈ 𝛴𝐼𝐼(𝛤),
𝑔 𝜎 = {(𝑔 𝑥 , 𝑔(𝑦))|(𝑥, 𝑦) ∈ 𝜎} ∈ 𝛴𝐼(𝛤′) and 𝑔 𝜏 = {(𝑔 𝑣 , 𝑔(𝑤))|(𝑣, 𝑤) ∈
𝜏} ∈ 𝛴𝐼𝐼(𝛤′).
Moreover, if 𝑔 𝜎1 = 𝑔 𝜎2 , the 𝜎1 = 𝜎2.
Theorem 4.7. For every picking game, there exist a unique gale-stewart game 
corresponding to that game.

4. Main Results

In this research, we have proposed a new definition for the relation 
between two games: similarity (≅). We've shown that similarity is an 
equivalence relation. Thus, this showed that if we have a game, there exists a 
game that can be mapped from our game using a bijective function. We have 
also defined a new topological game: the picking game. This game is also a two-
player infinite game with perfect information. Moreover, we've shown that there 
exists a gale-stewart game corresponding to every picking games.

5. Conclusion and Discussion

"Infinite Game with Perfect Information" is a game in which both players 
play for infinite turns and are aware of other players' possible moves. Gale and 
Stewart also defined terms and notations. They also proposed some useful 
theorems: Theorem 2.1 which considered the payoff set of the game; and 
Theorem 2.2, which considered the determinacy of the game corresponding to 
its payoff sets. 
 Let 𝑌 be a set of finite sequences such that every initial segments of an 
element of 𝑌 belongs to 𝑌. A set 𝐴 is Borel if all finite initial segments of infinite 
sequences, whose initial finite segments belong to 𝑌, also belongs to 𝐴. Martin 
(1975) had shown that all games, whose their payoff set is Borel, are strictly 
determined.
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