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Abstract

Infinite game with perfect information was studied by Gale and Stewart (1953). The notations
and definitions were defined, and the theorem about the determinacy of the game was studied. In our
study, we extend the study on infinite game by defining a relation between games: similarity. Theorems
related to similarity are also proposed. We also construct a new topological game, "Picking game" and

study its properties.
1. Introduction

In Game Theory, the concept of determinacy is associated with finding the optimal strategy. For
infinite game, the determinacy is more difficult to conclude than for finite games. A topological game is
an infinite game of perfect information by picking a topological object. Past studies had shown that some
topology properties also have their counterpart in topological games. We chose to continue the study of
Gale-Stewart game defined by Gale and Stewart (1953). We construct a new game called ‘Picking Game'.
Moreover, we also combobulated the similarity relation. Our goal is to fabricate theorems associated

with similarity relations.
2. Preliminaries

In this work, we use the definitions and notations defined by Gale and Stewart (1953). We
denote set of positions (state of the game) as X, partitioned into X; and X;;. X; contains the positions
obtained by player I’s moves. x is the initial position. If x’ can be obtained from x, x" is called the
immediate successor of x, and x is called the immediate predecessor of x'. f is a function that carries a
position to its immediate predecessor. f'(x) is the set of immediate successors of x. A play is a sequence
of positions: s = < sy, 51, 53, ... >, Where 55 = X;. S is the set of all plays. The payoff function @ returns
a real value for each play.

Definition 2.1. A game I is a collection of objects (xq, X;, X;;, X, f, S, @ ) such that

-xg €X

-XiNnX; = Qand X, UX,; =X

-f:X/{xo} — X is an immediate predecessor such that for any x € X, there exists an integer

n > 0 such that f™*(x) = x,.



Definition 2.2. A win-lose game I is a collection (xq, X;, X;1, X, f, S, S;, S;;) such that I' is a game and S; N
S;;= @andS; US; =S. Note that a play in S; is a win for player 1.

Definition 2.3. If I' = (xo, X}, X;1, X, £, S, S, S;p) and I = (xo, X, X;1, X, £, 5,51, S))), then'n T =
(%0, X0, X1, X, £, 5,5, 0 S, S — (5, nS))).

Definition 2.4. If I' = (x, X;, X1, X, £, S, S, Syp) and I = (xo, X, X;1, X, f,S, S[,S;;), thenTU T =
(o, X0, X1, X, f, 5,5, 08", S — (5, US)))

Definition 2.5. If I' = (x¢, X, X1, X, f,S,S1, S1p), then =" = (xo, X1, X11, X, £, S, S11, S1).-

Definition 2.6. If I' = (x¢, X;, X;1, X, f, S, @) is a game, the set X;(I') of strategies of player I consists of
all functions a: X; = X /{xo} such that a(x) € f~1(x). The set X, (I') of strategies of player II consists
of all functions 7: X;; = X /{x,} such that 7(x) € f~1(x).

Definition 2.7. If I' = (x, X}, X1, X, f, S, @) is a game, the set £}V (I') of winning strategies for player I
consists of all g; € X;(I") such that any T € X,;(I') implies < 0;,7 >€ S;. The set X/ (I') of winning
strategies for player II consists for all t; € X;;(I") such that any o € X;(I') implies < g,t; >€ ;.
Definition 2.8. Agame I’ = (x'o, X', X' 11, X', f, S, S';, 8" ;1) is a subgame of I if

- Xy = Xo
-X; c X;and X, € X4
-f=f1X

-Si=5nS"andS;=5;nS
Theorem 2.9. If I''is a subgame of I', then S’ is closed, non-empty subset of S.
Definition 2.10. A win-lose game I is strictly determined if X}V (I'") # @ or Z}¥ (I") # @.
Definition 2.11. A win-lose game I is absolutely determined if all subgames of I and I'’ are strictly
determined.
Theorem 2.12. If I' = (x, X;, X;1, X, £, S, 51, S;;) and S; belongs to the Boolean algebra generated by the
open sets, then I' is absolutely determined.
Definition 2.13. Let A be a set and f be a function on A. Thus, f(A) = {f (x)|x € A}.

Definition 2.14. Let s = < 54, S5, ..., S, > be asequence and s,, € A foralln < N. Let f be a function on

A.Thus, f(S) =< f(51), f(52), ..., f(55) >.

3. Literature Review
"Infinite Game with Perfect Information" is a game in which both players play for infinite turns

and are aware of other players' possible moves. Gale and Stewart also defined terms and notations. They



also proposed some useful theorems: Theorem 2.9 which considered the payoff set of the game; and
Theorem 2.12, which considered the determinacy of the game corresponding to its payoff sets.

Let Y be a set of finite sequences such that every initial segment of an element of Y belongs to
Y. A set A is Borel if all finite initial segments of infinite sequences, whose initial finite segments belong
to Y, also belongs to A. Martin (1975b) had shown that all games, whose their payoff sets are Borel, are

strictly determined.

4. Result
4.1 Similarity
Definition 4.1. I" = (x, X;, X1, X, f,S, S, S;p) issimilar (=) to I = (xo, X', X' 11, X', 1,5, 5' 1, S" 1)
when

- There exists a bijective function g: X — X’ called mapping.

-g(xo) = x'o, g(X) = X'y, and g(Xp)) = X'y

-Foralls € S, &(s) = @'(g(s)).

- Forall x € X/{xo}, f'(9(x)) = g(F (x)).
Theorem 4.2. = is reflextive, transitive, and symmetric.
Lemma4.3.1f I = [, thenforall x € X, g(f~2(x)) = {gMly € F~1(x)} = f' " (g(x)).
Lemma4.4.If ' = [, then for all s € S, there exists a unique s’ € §" such that g(s) = 5.
Theorem 4.5. Let " be a win-lose game. If ' = I’ then |S;| = |S;].
Theorem 4.6. If I' = I’ and g is a mapping from I" to I'’, then for all o € X;(I") and T € X};(I),
9(0) ={(g(), g)I(x,y) € 0} € Z;(I") and g (1) = {(g(v), gw)|(v,w) € 7} € Z;;,(I").
Moreover, if g(o;) = g(0,), the o1 = 05.
4.2 Picking Game
Let X be a set of all sequence of natural with no duplicate and Y is a subset of X called winning set.
Player I starts by picking natural number I, then Player II responds by picking natural number J, such
that J; # I,. In the nth round, player I chooses natural number I, such that I,, # J,,_1, lh_1, -, Jo, Lo,
then player II chooses natural number J,, such that J,, # I, Jn—1, In-1, ---»Jo, Ig- The game then
continues for w rounds. The sequence Iy, I3, ..., I, is called I and the sequence J,, /4, .-,/ is called J.
Player I winsifI,] € Y orI,] € Y, otherwise player I wins.
Theorem 4.7. For every picking game, there exist a unique gale-stewart game corresponding to that

game.

5. Conclusion and Discussion



In this research, we have proposed a new definition for the relation between two games:
similarity (). We've shown that similarity is an equivalence relation. Thus, this showed that if we have a
game, there exists a game that can be mapped from our game using a bijective function. We have also
defined a new topological game: the picking game. This game is also a two-player infinite game with
perfect information. Moreover, we've shown that there exists a gale-stewart game corresponding to

every picking games.
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